Abstract. For a finite abelian group action on a linear category, we study the dual action given by the character group acting on the category of equivariant objects. We prove that the groups of equivariant autoequivalences on these two categories are isomorphic. In the triangulated situation, this isomorphism implies that the classifications of stable tilting objects for these two categories are in a natural bijection. We apply these results to stable tilting complexes on weighted projective lines of tubular type.
Introduction
Let k be a field, and T be a k-linear triangulated category. The tilting objects and their endomorpshims algebras are of great interest to representation theorists. We denote by Tilt(T ) the isoclass set of basic tilting objects. The group Aut △ (T ) of triangle autoequivalences on T acts naturally on Tilt(T ). Then the classification of basic tilting objects in T boils down to the orbit set Tilt(T )/Aut △ (T ). Indeed, this orbit set is in a bijection to the isoclass set formed by the endomorphism algebras of those tilting objects.
Let G be a finite abelian group, which acts on T . There is an equivariant version of the classification problem. More precisely, we denote by Tilt G (T ) the subset of Tilt(T ) formed by basic G-stable tilting objects, that is, those tilting objects fixed by the G-action. We denote by Aut strongly K-standard category from [11] . This subtle notion plays a role in the study of stable tilting objects.
Group actions and equivariantization
In this section, we recall basic notions on group actions and equivariantization. The group action on a module category fixing the regular module corresponds to a weak action on the given ring. The stable objects under the action naturally give rise to crossed systems.
2.1. Group actions and equivariant functors. We will recall basic facts on group actions and equivariant functors. The details are found in [14] ; compare [12, 27, 15] .
Let G be an arbitrary group. We write G multiplicatively and denote its unit by e. Let C be an arbitrary category.
A G-action on C consists of the data {F g , ε g,h | g, h ∈ G}, where each F g : C → C is an autoequivalence and each ε g,h : F g F h → F gh is a natural isomorphism such that the following 2-cocycle condition holds
for all g, h, k ∈ G. We observe that there exists a unique natural isomorphism u : F e → Id C , called the unit of the action, satisfying ε e,e = F e u; moreover, we have F e u = uF e by (2.1); also see Lemma A.3.
The given G-action is strict provided that each F g is an automorphism on C and that each isomorphism ε g,h is the identity, in which case the unit u equals the identity. We observe that a strict G-action on C coincides with a group homomorphism from G to the automorphism group of C.
Let us fix a G-action {F g , ε g,h | g, h ∈ G} on C. An object X is G-stable provided that X is isomorphic to F g (X) for each g ∈ G. In this case, we also say that the G-action fixes X. In general, the full subcategory of G-stable objects does not behave well.
A G-equivariant object in C is a pair (X, α), where X is an object in C and α assigns, for each g ∈ G, an isomorphism α g : X → F g (X) subject to the relations
These relations imply that α e = u −1 X . A morphism f : (X, α) → (Y, β) between two G-equivariant objects is a morphism f : X → Y in C such that β g • f = F g (f ) • α g for each g ∈ G. We denote by C G the category of G-equivariant objects. The forgetful functor U : C G → C is defined by U (X, α) = X and U (f ) = f . The following observation will be useful. Associated to two given G-equivariant objects (X, α) and (Y, β), the Hom set Hom C (X, Y ) carries a (left) G-action by g.f = β Here, for any set S with a G-action, we denote by S G the subset of fixed elements. For a given G-action on C, the process forming the category C G of G-equivariant objects is known as the equivariantization; see [14, Section 4] .
Assume that C has a G-action {F g , ε g,h | g, h ∈ G} and that D is another category with a G-action {F Indeed, by a G-equivariant functor, we really mean the data (F, (δ g ) g∈G ), which will be abbreviated as (F, δ); compare [ We say that the functor F : C → D is strictly G-equivariant provided that F F g = F ′ g F for each g ∈ G and that F ε g,h = ε ′ g,h F for each g, h ∈ G. In other words, (F, (Id F Fg ) g∈G ) is a G-equivariant functor. We will denote this strictly G-equivariant functor simply by F .
A G-equivariant functor (F, δ) : C → D gives rise to a functor
sending (X, α) to (F (X),α), whereα g : F (X) → F ′ g F (X) equals (δ g ) X • F (α g ) for each g ∈ G. The functor (F, δ) G acts on morphisms by F . This construction is compatible with the composition of equivariant functors.
Two G-equivariant functors (F, δ) : C → D and (F ′ , δ ′ ) : C → D are isomorphic provided that there is a natural isomorphism φ : F → F ′ satisfying
for each g ∈ G. In this case, the two functors (F, δ)
G and (F ′ , δ ′ ) G are naturally isomorphic.
The following fact is standard; compare [1, Lemma 4.10].
Lemma 2.1. Let (F, δ) : C → D be a G-equivariant functor as above. Assume that F is an equivalence of categories. Then the functor (F, δ)
G : C G → D G is also an equivalence of categories.
Proof. Assume that (X, α) and (Y, β) are two G-equivariant objects in C G . Then the set Hom C (X, Y ) carries a G-action. Associated to G-equivariant objects (F (X), α) and (F (Y ), β) in D G , the set Hom D (F (X), F (Y )) also carries a G-action. We observe that the isomorphism Hom C (X, Y ) −→ Hom D (F (X), F (Y )), sending f to F (f ), is compatible with these two G-actions. Then we have the induced isomorphism between the subsets of fixed elements. Applying (2.3), this isomorphism implies the fully faithfulness of (F, δ)
G . It suffices to prove the denseness of (F, δ) G . Take an object (Z, γ) in D G . We have an isomorphism θ : F (X) → Z in D for some object X in C. For each g ∈ G, there is a unique isomorphism α g : X → F g (X) satisfying
One verifies that (X, α) is indeed a G-equivariant object and that θ : (F, δ) G (X, α) → (Z, γ) is a required isomorphism.
Two G-actions {F g , ε g,h | g, h ∈ G} and {F ′ g , ε ′ g,h | g, h ∈ G} on C are isomorphic provided that there are natural isomorphisms δ g : F g → F ′ g such that (Id C , δ) : C → C is a G-equivariant functor, or equivalently, the following identities hold
Up to isomorphism, we may adjust the autoequivalences appearing in a G-action by any given natural isomorphisms. More precisely, the following statement is routine.
Lemma 2.2. Let {F g , ε g,h | g, h ∈ G} be a given G-action on C. Assume that for each g ∈ G, there is an autoequivalence F Proof. The uniqueness follows by (2.7), since we have
It is routine to verify that these natural isomorphisms ε ′ g,h satisfy (2.1). The following fact is standard. We will say that the G-action on D is transported from the given one on C.
Proof. We take a quasi-inverse F −1 of F with unit a : Id C → F −1 F . We may take
F h F −1 and δ g = F F g a. For the uniqueness, we assume another G-action {F
2.2.
Actions on module categories. Let R be a ring with identity. We denote by Mod-R the category of right R-modules. By mod-R and proj-R, we mean the full subcategories of finitely presented R-modules and finitely generated projective Rmodules, respectively. For an R-module M = M R , we usually denote the R-action by ".". We denote by R = R R the regular right R-module.
We will recall that G-actions on Mod-R, which fix R, are in a bijection to weak G-actions on R.
We denote by Aut(R) the group of automorphisms on R, and by R × the multiplicative group formed by invertible elements in R.
For an automorphism σ ∈ Aut(R) and an R-module M , the twisted module σ M is defined as follows: σ M = M as an abelian group, and the new R-action " • " is given by m • r = m.σ(r). This gives rise to an automorphism σ (−) : Mod-R −→ Mod-R of categories, called the twisting automorphism. It acts on morphisms by the identity. We observe that there is an isomorphism R → σ R of right R-modules, which sends r to σ(r). Moreover, for another automorphism σ ′ ∈ Aut(R), we have
Lemma 2.4. Keep the notation as above.
(1) Any autoequivalence F on Mod-R satisfying F (R) ≃ R is isomorphic to σ (−) for some σ ∈ Aut(R). 
for any R-module M and m ∈ M . Here, the dot "." denotes the original R-action on M , not the one on
The same results hold for the categories mod-R and proj-R.
Proof. These statements are all well known. In (3), we observe that a = ε R (1). Moreover, the statement (2) is implied by (3).
The following notion is standard; compare [24, 1.4] .
Definition 2.5. By a weak G-action on R, we mean a pair (ρ, c), where ρ : G → Aut(R) and c : G × G → R × are maps subject to the conditions
, for any g, h, k ∈ G and x ∈ R. Here, we use the central dot to denote the multiplication in R.
Two weak G-actions (ρ, c) and (ρ ′ , c ′ ) are isomorphic provided that there is a map δ :
We observe from (WA1) that ρ(e)(y) = c(e, e)·y·c(e, e) −1 for all y ∈ R. Moreover, by taking h = e in (WA2), we infer that c(e, k) = c(e, e) and c(g, e) = ρ(g)(c(e, e)).
In the literature, the triple (R, ρ, c) is called a G-crossed system. The corresponding crossed product R * G is a ring which is defined as follows: R * G is a free left R-module with basis {ḡ| g ∈ G}, and its multiplication is given by
We observe a ring embedding R → R * G sending r to (r · c(e, e) −1 )ē. In particular, the identity of R * G is c(e, e)
. By a G-action on R, we mean a weak G-action (ρ, c) with c(g, h) = 1 for all g, h ∈ G; then the map ρ is a group homomorphism. In this case, the crossed product R * G is called the skew group ring.
For a given weak G-action (ρ, c) on R, we consider the following natural isomorphism on Mod-R c g,h :
; compare (WA1) and Lemma 2.4(3). Indeed, this gives rise to a G-action {
ρ(g
The last isomorphism sends a G-equivariant R-module (M, α) to the R * Gmodule M , whose action is given by m.(rḡ) = (α g −1 )
−1 (m.r). Here, the expression m.r means that action on M by the element r ∈ R. The inverse functor sends an R * G-module X to (X, β), where the underlying R-module structure on X is given by x.r = x.(rc(e, e) −1ē
), and the isomorphism β g : X → ρ(g −1 ) X is defined by β g (x.g −1 ) = x for each x ∈ X and g ∈ G.
2.3. The stable objects and crossed systems. We will show that G-crossed systems arise naturally from G-stable objects; compare [13] .
Let C be an additive category with a fixed G-action {F g , ε g,h | g, h ∈ G}. Recall that an object T is G-stable provided that T ≃ F g (T ) for each g ∈ G. We denote by add T the full subcategory consisting of direct summands of finite direct sums of copies of T . In this case, we obtain the restricted G-action on add T .
We take a G-stable object T and set R = End C (T ) to be its endomorphism ring. Choose for each g ∈ G an isomorphism α g : T → F g (T ). Then we have a ring automorphism ρ(g) ∈ Aut(R) such that
for each a ∈ R. For g, h ∈ G, there is a unique element c(g, h) ∈ R × , or equivalently, a unique automorphism c(g, h) of T , satisfying
This define a weak G-action (ρ, c) on R. We observe that if we choose another family of isomorphisms β g : T → F g (T ), then the resulting weak G-action on R is isomorphic to (ρ, c). In particular, we have a G-crossed system (R, ρ, c).
The well-known functor
restricts to a fully faithful functor add T ∼ −→ proj-R; moreover, it is dense if C is idempotent complete. Here, we recall that an additive category C is idempotent complete provided that each idempotent e : X → X splits, that is, there exist morphisms u : X → Z and v : Z → X satisfying e = v • u and Id Z = u • v.
For each object X ∈ C and g ∈ G, there is a natural isomorphism of R-modules
. Let T and the resulting G-crossed system (R, ρ, c) be as above. As in Proposition 2.6, we consider the G-action { ρ(g −1 ) (−), c g,h | g, h ∈ G} on Mod-R and its restricted G-action on proj-R.
Lemma 2.7. Keep the notation as above. Then the data (Hom
Proof. We just observe that (2.10) implies (2.4) for the data (Hom C (T, −), (φ g ) g∈G ). We omit the details.
Let f : R → S be an isomorphism between two rings. For a weak G-action (ρ, c) on R, the isomorphism f induces a weak G-action f * (ρ, c) = (ρ,c) on S as follows:
Definition 2.8. Two G-crossed systems (R, ρ, c) and (R ′ , ρ ′ , c ′ ) are equivalent provided that there is an isomorphism f : R → R ′ of rings such that the two weak G-actions f * (ρ, c) and (ρ ′ , c ′ ) on R ′ are isomorphic in the sense of Definition 2.5.
We assume that in the situation of Definition 2.8, there is a map δ : G → R ′× giving the isomorphism between f * (ρ, c) = (ρ,c) and (ρ ′ , c ′ ). For each right Rmodule X, we denote by f * (X) = X the corresponding R ′ -module, where the
. This gives rise to an isomorphism f * : Mod-R → Mod-R ′ of categories. For each g ∈ G, there is a natural isomorphism of R ′ -modules
Here, we use ρ
to verify this natural isomorphism; see Lemma 2.4(2).
In the following lemma, we consider the G-action { 
Proof. The condition (2.4) for the data (f * , (δ g ) g∈G ) follows directly from
This identity is one of the properties of the map δ : G → R ′ × , which gives the isomorphism from (ρ,c) to (ρ ′ , c ′ ).
The following observation will be used later.
Proof. We take for each g ∈ G the isomorphism
Then the isomorphism f : R → R ′ of rings, given by f (a) = F (a), yields the required equivalence between the two G-crossed systems.
The cyclic group actions
In this section, we study the action by a cyclic group. Indeed, actions by a cyclic group are classified by compatible pairs. For module categories, compatible pairs correspond to compatible elements in the outer automorphism groups of the algebras.
3.1. The compatible pair. Let C be a category, and let d ≥ 2. Denote by
The following example is taken from [10, Example 2.2].
Example 3.1. Let F : C → C be an autoequivalence with an isomorphism c :
is given by the identity if i + j < d, and by F i+j−d c otherwise. We mention that to verify (2.1), one uses the condition Let us consider an arbitrary
where u is the unit of the given C d -action. (1) The natural isomorphism c : 
Then we are done with the required isomorphism.
Indeed, the claim follows from Lemma A.6(1) if i + j ≤ d − 1, and from Lemma A.6 (2) 
The following terminology will be convenient for us. By a compatible pair of order d, we will mean a pair (F, c) consisting of an endofunctor F on C and a natural isomorphism c : Proof. The map is well defined, since isomorphic compatible pairs yield isomorphic actions. The surjectivity follows from Lemma 3.2.
For the injectivity, we take two compatible pairs (F, c) and
Assume that they are isomorphic. Then there is an isomorphism δ i :
, such that the following identity holds
Set a = δ 1 : F → F ′ . We take i = j = 0 to infer that δ 0 equals the identity. The cases where
Hence the two compatible pairs are isomorphic. Then we are done.
Let k be field, and let C be a skeletally small k-linear category. Here, being skeletally small means that the isoclasses of objects form a set. Recall by definition that the center Z(C) of the category C consists of natural transformations λ : Id C → Id C . Then Z(C) is a commutative k-algebra, whose addition and multiplication are induced by the addition of morphisms and the composition of morphisms in C, respectively.
For a k-linear autoequivalence F : C → C, we denote by [F ] its isoclass. We denote by Aut k (C) the group formed by isoclasses of k-linear autoequivalences on C, whose multiplication is induced by the composition of functors. In the literature, Aut k (C) is called the group of autoequivalences on C. Proof. Since Z(C) = k, there is a nonzero element λ ∈ k such that c ′ = λc. Assume that λ = µ d . Then the natural isomorphism µF : F → F proves that the two compatible pairs are isomorphic. (1) the isoclass set of k-linear C d -actions on C, and
3.2. The cyclic group actions on module categories. Let A be a finite dimensional k-algebra. We denote by Aut k (A) the automorphism group of the algebra A. We say that a weak G-action (ρ, c) on A is k-linear if ρ takes values in Aut k (A).
Recall that an automorphism σ is inner provided that there is an invertible element a ∈ A × satisfying σ(x) = a −1 xa. Inner automorphisms form a normal subgroup Inn k (A) of Aut k (A). The quotient group
is called the outer automorphism group of A, where the corresponding image of σ ∈ Aut k (A) is denoted byσ.
For any inner automorphism δ, we observe that σ is d-compatible if and only if so is σδ. If σ is d-compatible, we will also call the corresponding elementσ ∈ Out k (A) d-compatible. These elements are closed under conjugation.
Lemma 3.7. Assume that the algebra A is basic. Let F be a k-linear autoequivalence on mod-A and σ ∈ Aut k (A). Then the following statements hold.
(1) We have F (A) ≃ A, and thus F is isomorphic to
, the isoclass of the twisting automorphism
Proof. Recall that any equivalence preserves basic projective generators. Then (1) follows from Lemma 2.4(1). Lemma 2.4(2) implies the statement (2). For (3), we just observe that a compatible isomorphism c :
We denote by Z(A) the center of A. It is well known that Z(A) is isomorphic to Z(mod-A). Proof. By Lemma 3.7(1), each G-action on mod-A fixes A. By Proposition 2.6, we have the correspondence between (1) and (2). By Lemma 3.7 (2) and (3), the set of d-compatible elements is in a bijection to the set in Corollary 3.5(2). Then Corollary 3.5 yields the correspondence between (1) and (3). The bijection from (2) to (3) sends (ρ, c) to the canonical image of ρ(e) in Out k (A). Then the final statement is immediate.
The associated monads and dual actions
In this section, we recall the comparison between the category of equivariant objects and module categories over certain monads. The strict action of the character group on the category of equivariant objects is called the dual action. We recall the details of a duality result from [15] .
4.1.
Monads and adjoint pairs. In this subsection, we recall basic facts on monads and adjoint pairs. The standard reference is [22, Chapter VI] .
Let C be a category. Recall that a monad on C is a triple (M, η, µ) consisting of an endofunctor M : C → C and two natural transformations, the unit η : Id C → M and the multiplication µ :
We suppress the unit and multiplication when they are understood, and denote the monad (M, η, µ) simply by M .
We will recall that each adjoint pair yields a monad. Assume that F : C → D is a functor, which admits a right adjoint U : D → C. We denote by η : Id C → U F the unit and ǫ : F U → Id D the counit ; they satisfy ǫF • F η = Id F and U ǫ • ηU = Id U . We denote this adjoint pair on C and D by the quadruple (F, U ; η, ǫ). In other words, an adjoint pair really means the relevant quadruple. However, we suppress the unit and counit, when they are clear from the context.
The adjoint pair (F, U ; η, ǫ) defines a monad (M, η, µ) on C, where M = U F : C → C and µ = U ǫF :
The resulting monad (M, η, µ) on C is said to be defined by the adjoint pair (F, U ; η, ǫ). Indeed, as we will recall, any monad is defined by a certain adjoint pair; see [22, VI.2] .
For a monad (M, η, µ) on C, an M -module is a pair (X, λ) consisting of an object X in C and a morphism λ : M (X) → X subject to the conditions λ • M λ = λ • µ X and λ • η X = Id X ; the object X is said to be the underlying object of the module. A morphism f :
Then we have the category M -Mod C of M -modules and the forgetful functor
We observe that each object X in C gives rise to an M -module F M (X) = (M (X), µ X ), the free M -module generated by X. Indeed, this gives rise to the free module functor F M : C → M -Mod C sending X to the free module F M (X), and a morphism f :
We have the adjoint pair (F M , U M ; η, ǫ M ) on C and M -Mod C , where for an Mmodule (X, λ), the counit ǫ M is given such that
The unit of the adjoint pair is given by the unit η of the monad M , where we observe that M = U M F M . Moreover, the adjoint pair (F M , U M ; η, ǫ M ) defines the given monad (M, η, µ) on C.
For the given monad (M, η, µ), the above adjoint pair (F M , U M ; η, ǫ M ) enjoys the following universal property: for any adjoint pair (F, U ; η, ǫ) on C and D that defines M , there is a unique functor [22, VI.3] . This unique functor K will be referred as the comparison functor associated to the adjoint pair (F, U ; η, ǫ).
Indeed, the comparison functor K : D → M -Mod C is described as follows:
for an object D and a morphism f in D. Here, we observe that M = U F and that
between module categories, which sends an M 2 -module (X, λ) to the M 1 -module (X, λ • ι X ), and acts on morphisms by the identity.
The associated monads.
In what follows, we assume that G is a finite group and that C is an additive category. We fix a G-action {F g , ε g,h | g, h ∈ G} on C. Then the category C G of equivariant objects is additive, and the forgetful functor U : C G → C is also additive. We recall that the induction functor Ind : C → C G is defined as follows: for an object X, set
where for each g ∈ G, the isomorphism ε(X) g :
Here, to verify that Ind(X) is indeed an equivariant object, we need the 2-cocycle condition (2.1). The induction functor sends a morphism θ :
The adjoint pair (Ind, U ; η, ǫ) is given by the following natural isomorphism
t , where 't' denotes the transpose; the counit ǫ :
h . The monad M = (U Ind, η, µ) defined by the adjoint pair (Ind, U ; η, ǫ) is computed as follows. The endofunctor M = U Ind : C → C is given by M (X) = h∈G F h (X) and M (f ) = h∈G F h (f ) for an object X and a morphism f in C. The multiplication µ : M 2 → M is given by
such that the corresponding entry
Here, δ is the Kronecker symbol. Applying (4.1), we compute that the associated comparison functor 
For an object (Y, β) ∈ C G and an object X ∈ C, any morphism (
is given by the following natural isomorphism
, where u : F e → Id C is the unit of the action.
Applying (4.1), we infer that the associated comparison functor
for any object X and morphism f in C. We mention that the adjoint pairs (4.3) and (4.4) might be found in [14, Lemma 4.6(ii)]. The monad M on C and the monad N on C G are said to be associated to the given G-action.
Lemma 4.2. Keep the notation as above. Assume that C is idempotent complete. Then the comparison functor
The following observation will be used later. Let (F, δ) : C → C be a G-equivariant endofunctor, and (F, δ) G : C G → C G be the induced endofunctor on C G ; see (2.5). For each object X, there is an isomorphism
Here, to see that ξ X is a morphism in C G , we use the following direct consequence of (2.4)
Indeed, this gives rise to a natural isomorphism of functors
We say that a natural number n is invertible in the category C provided that for each morphism f : X → Y , there is a unique morphism g : X → Y satisfying f = ng. This unique morphism is denoted by 1 n f . In case that C is skeletally small, n is invertible in C if and only if n is invertible in its center Z(C). We denote by |G| the order of the finite group G.
The following observation is well known.
, and the retraction of η
4.3.
The dual action and the double-dual action. Let k be a field. In this subsection, we assume that the additive category C is k-linear. Let G be a finite group. We fix a k-linear G-action {F g , ε g,h | g, h ∈ G} on C. In this case, the category C G of equivariant objects is naturally k-linear. We denote by G = Hom(G, k * ) the character group of G. For a character χ on G and an object (X, α) ∈ C G , we have another equivariant object (X, χ ⊗ α), where for each g ∈ G, the isomorphism (
. This yields an automorphism
which acts on morphisms by the identity. We observe that F χ F χ ′ = F χχ ′ for any χ, χ ′ ∈ G. In other words, we have a strict G-action on C G , which is k-linear. The following terminology will be justified by Theorem 4.6. Definition 4.4. For the given G-action {F g , ε g,h | g, h ∈ G} on C, we call the above strict G-action on C G the dual action by G.
We consider the category (C G ) G of G-equivariant objects in C G , with respect to the dual G-action. For an object X ∈ C and a character χ ∈ G, there is a canonical isomorphism in
Indeed, this gives rise to a G-equivariant object (Ind(X), can(X)) in C G . Furthermore, we have a well-defined functor
There is a canonical evaluation homomorphism
given by ev(g)(χ) = χ(g). Then we obtain a strict G-action on the category (C G ) G , which is called the double-dual action by G. More precisely, each g ∈ G gives rise to an automorphism
which sends (A, α) to (A, ev(g) ⊗ α) and acts on morphisms by the identity. Here, A is an object in C G , and α χ : A → F χ (A) is an isomorphism for each χ ∈ G. We have (ev(g) ⊗ α) χ = χ(g −1 )α χ . For an object X ∈ C and g ∈ G, we have that
We observe an isomorphism
Lemma 4.5. Consider the given G-action on C and the double-dual
G is a G-equivariant functor with respect to these G-actions.
Indeed, it follows directly from (2.1).
4.4.
The duality result. In this subsection, let G be a finite abelian group. We assume that G splits over k, that is, the group algebra kG is isomorphic to a product of k. In particular, the characteristic of k does not divide the order |G| of G. In this case, the character group G is isomorphic to G and the evaluation homomorphism (4.7) is an isomorphism.
The following duality result is essentially due to [15 
For the proof, we recall from Lemma 4.2 that the monad N on C G is associated to the given G-action. We denote by M the monad on C G , which is associated to the dual G-action on C G ; that is, M is the monad in Lemma 4.1 applied to the dual G-action.
The following observation might be deduced from the dual of [15, Proposition 4.1].
Lemma 4.7. Keep the same assumptions as above. Then the two monads N and
We construct an isomorphism
as follows. The restriction of f to F χ (X, α) is given by
compare the adjunction (4.4). The χ-th component of f −1 is given by
Here, we use the well-known orthogonality of characters. The isomorphism f is natural in (X, α). Then the two endofunctors M and N are isomorphic. Using the explicit calculation in Subsection 4.2, it is direct to verify that f is compatible with the units and the multiplications. In other words, we have the required isomorphism of monads.
Proof of Theorem 4.6. In view of Lemma 4.5, it suffices to show that Θ is an equivalence. We observe that Θ equals the composition of the following sequence of equivalences, which are all explicitly given
Here, the equivalence K ′ is given in Lemma 4.2 and the isomorphism K : (C G ) G → M -Mod C G is given as in Lemma 4.1, which is applied to the dual G-action on C G . The isomorphism f : M → N of monads is given in (4.9).
The following example will be used latter.
Example 4.8. Let G be a finite group, which might be non-abelian. Let C be an additive category with a G-action {F g , ε g,h | g, h ∈ G}.
Assume that a ∈ G is a central element. For each g ∈ G, we have a natural
Here, we use the fact that ag = ga. By applying (2.1) three times, we infer (2.4) with F = F a and ε ′ = ε. In other words, (
We claim that the corresponding endofunctor (F a , c a ) G on C G is isomorphic to the identity functor. More precisely, we have a natural isomorphism (F a (X), α) . Here, to verify that α a is indeed a morphism in C G , we use the identity (
We assume further that C is k-linear and that the given G-action is k-linear. Recall that the dual G-action on C G sends χ to the automorphism F χ . We observe that (F a , c a ) G becomes a strictly G-equivariant functor. We view the identity functor Id C G also as a strictly G-equivariant functor.
In general, the above isomorphism ψ is not an isomorphism between G-equivariant functors. Indeed, F χ ψ = ψF χ provided that χ(a) = 1.
The isomorphism between groups of equivariant autoequivalences
In this section, we prove that for an action by a finite abelian group, the equivariantization yields an isomorphism between the two groups of equivariant autoequivalences. This isomorphism induces a bijection between the orbit sets of isoclasses of stable objects.
Throughout, we work over a fixed field k. So we omit the subindex k, and require that all functors are k-linear. We assume that C is a skeletally small k-linear additive category.
5.1. The groups of equivariant autoequivalences. By Aut(C) = Aut k (C), we denotes the group of isoclasses of k-linear autoequivalences on C. For a k-linear autoequivalence F , we denote by [F ] its isoclass. However, by abuse of notation, we sometimes view F as an element in Aut(C).
The following fact is standard. 
Let G be a finite group with a k-linear G-action
of Aut(C) is of interest. However, it does not behave well. Instead, we will consider the group of equivariant autoequivalences.
Recall that a G-equivariant endofunctor on C means the data (F, δ) = (F, (δ g ) g∈G ), where F : C → C is an endofunctor and the natural isomorphisms δ g : F F g → F g F satisfy (2.4). The composition of two equivariant endofunctors (F, δ) and (
. The isoclass of the G-equivariant endofunctor (F, δ) will be denoted by [F, δ] . We denote by Aut(C; G) the isoclass group of k-linear G-equivariant autoequivalences on C, whose multiplication is induced by the composition of equivariant functors. We call Aut(C; G) the group of G-equivariant autoequivalences on C.
We have the following group homomorphism
called forgetful homomorphism associated to the given G-action. In general, it is neither injective nor surjective.
We observe the following equivariant version of Lemma 5.1. Let C and D be two k-linear categories with k-linear G-actions {F g , ε g,h | g, h ∈ G} and {F
. Take any G-equivariant k-linear autoequivalence (F, δ) on C. Then there is a klinear autoequivalence Θ * (F ) on D with an isomorphism γ : ΘF → Θ * (F )Θ. There are unique natural isomorphisms δ
is a G-equivariant endofunctor on D and that γ yields an isomorphism between equivariant functors
We put (Θ, ∂) * (F, δ) = (Θ * (F ), δ ′ ). This gives rise to the upper row isomorphism of the following commutative diagram
where the vertical maps are the forgetful homomorphisms.
For the given G-action {F g , ε g,h | g, h ∈ G} on C, we consider the following normal subgroup of Aut(C; G) for each a ∈ G.
The isomorphism theorem.
We fix a k-linear G-action {F g , ε g,h | g, h ∈ G} on C, and consider the category C G of G-equivariant objects. Recall that the character group G has a strict action on C G by sending each character χ to the automorphism F χ on C G ; see Subsection 4.3. We then have the corresponding group Aut(C G ; G) of G-equivariant autoequivalences on C G and its subgroup Act(C G ; G). For a given G-equivariant k-linear autoequivalence (F, δ) on C, we have by Lemma 2.1 the autoequivalence (F, δ)
In other words, the autoequivalence (F, δ) G is a strictly G-equivariant endofunctor. More precisely, the data ((F, δ) G , (Id (F,δ) G Fχ ) χ∈ G ) form a strictly G-equivariant functor, which will be abbreviated as (F, δ) G . Hence, the following group homomorphism is well defined
We refer to (−) G as the equivariantization homomorphism associated to the given G-action on C.
Theorem 5.3. Let G be a finite abelian group, which splits over k.
Keep the notation as above. Assume further that C is idempotent complete. Then the above equivariantization homomorphism (−)
G is an isomorphism.
In particular, each G-equivariant autoequivalence on C G is isomorphic to a strictly G-equivariant autoequivalence.
Proof. We recall that G is identified with G via the evaluation map (4.7). Then we have the double-dual G-action on (C G ) G . It is a strict action by sending g ∈ G to the automorphism F g on (C G ) G ; see (4.8). Recall from Theorem 4.6 the G-equivariant
G . Similar as (5.3), we have the equivariantization homomorphism associated to the dual G-action on C
We claim that there is a commutative triangle of group homomorphisms.
Aut(C; G)
Recall from (5.2) that (Θ, ∂) * is an isomorphism. It follows from the claim that (−)
G is injective and that (−) G is surjective. Applying the same argument to the dual G-action, we infer that (−) G is also injective. This implies the required statements.
For the claim, we take an arbitrary G-equivariant autoequivalence (F, δ) on C. For an object X in C, we have
where can(X) χ = (F, δ) G (can(X) χ ) for each χ ∈ G. It follows that the isomorphism ξ in (4.5) yields a natural isomorphism of functors
Here, we use the explicit construction of 'can' in Subsection 4.3 to verify that
Moreover, the above isomorphism ξ is an isomorphism of G-equivariant functors, that is, the following identity holds
Here, we use the explicit form of ∂ g and ξ. The above identity follows, since (F, δ) is a G-equivariant endofunctor on C, that is, (2.4) holds with F ′ g = F g and ε ′ g,h = ε g,h . By the very definition of (Θ, ∂) * , we conclude from the isomorphism ξ that (Θ, ∂) * (F, δ) is isomorphic to the strictly G-equivariant functor ((F, δ) G ) G . This proves the claim.
We are indebted to Hideto Asashiba for the remark below. Recall that Z(C) is the center of C; it is a commutative k-algebra. The following well-known fact will be used; compare Lemma A.2.
Lemma 5.5. Let F : C → C be a k-linear autoequivalence. Then any natural morphism F → F is of the form λF = F λ ′ for some uniquely determined λ, λ ′ ∈ Z(C). Moreover, if λ belongs to k, then λ = λ ′ .
To each character χ ∈ G, we associate a G-equivariant endofunctor
Id C is a natural isomorphism induced by the multiplication of χ(g) −1 . We observe the following identity
where the left hand side is by the construction (2.5) and F χ is defined in (4.6).
Recall the normal subgroup of Aut(C G ; G)
Proposition 5.6. Keep the assumptions in Theorem 5.3. Assume further that
Proof. Take an element [F a , δ] from Act(C; G) for some a ∈ G. Recall the Gequivariant functor (F a , c a ) from Example 4.8. By Lemma 5.5 there is a unique nonzero scalar χ(g) ∈ k such that δ g = χ(g) −1 (c a ) g for each g ∈ G. Indeed, one infers that χ is a character of G. In other words, we have the following identity on equivariant functors
Hence, the following identity holds
We recall (5.5), and that the functor (F a , c a ) G is isomorphic to Id C G ; see Example 4.8. It follows that the underlying functor of the strictly G-equivariant functor (F a , δ)
G is isomorphic to F χ . In other words, we have that
. By the same argument, we have
. Now we are done by the commutative triangle (5.4) and Corollary 5.2.
5.3.
Bijections on stable objects. In this subsection, we assume that the klinear category C is idempotent complete and Hom-finite. Here, the Hom-finiteness means that Hom C (X, Y ) is a finite dimensional k-space for any objects X, Y ∈ C. In particular, the category C is Krull-Schmidt. An object M in C is basic if each of its indecomposable direct summands has multiplicity one. In this case, the endomorphism algebra End C (M ) is basic.
Let G be a finite abelian group. We fix a k-linear G-action {F g , ε g,h | g, h ∈ G} on C. Recall that an object M is G-stable provided that F g (M ) ≃ M for each g ∈ G. We denote by Stab G (C) the isoclass set of basic G-stable objects. It carries a natural Aut(C; G)-action by [F, δ].M = F (M ). Here, using the isomorphisms δ g 's, we observe that F (M ) is again G-stable. We are interested in the orbit set Stab G (C)/Aut(C; G).
We consider the dual G-action on the category C G of G-equivariant objects.
Then Stab G (C G ) denotes the isoclass set of basic G-stable objects in C G , which has a natural action by Aut(C G ; G). Recall that Ind : C → C G is the induction functor. The following result shows that the classification of basic stable objects in C and that in C G are a natural bijection.
Proposition 5.7. Let G be a finite abelian group, which splits over k. Then there is a bijection ι : Stab
such that add ι(M ) = add Ind(M ). Moreover, ι induces a bijection on orbit sets
Proof. The map ι is well defined, since Ind(M ) is always G-stable; see Subsection 4.3. It is injective, since add U ι(M ) = add M . Here, U is the forgetful functor. For the surjectivity, let (Y, α) be a basic G-stable object in
for each χ ∈ G. By the isomorphism (4.9), we infer that add Ind(Y ) = add (Y, α). Take a basic object Y 0 such that add Y 0 = add Y . Since Y is clearly G-stable, so is Y 0 . We observe that ι(Y 0 ) = (Y, α). Then we are done. For the second bijection, it suffices to claim that ι is compatible with the equivariantization isomorphism in Theorem 5.3. Indeed, for a G-equivariant autoequivalence (F, δ) on C and a G-stable object M , we recall the isomorphism ξ M : (F, δ) G Ind(M ) → IndF (M ) in (4.5). Then we have the following isomorphism
Since the equivariantization isomorphism sends [F, δ] to [(F, δ) G ], we infer the required compatibility.
Remark 5.8. (1) A basic G-stable object M is G-indecomposable if it is not decomposable into the direct sum of two G-stable objects. Then the bijection ι induces a bijection between G-indecomposable objects and G-indecomposable objects.
Denote by ind C the isomorphism set of indecomposable objects in C. Then G acts on ind C. There is a bijection between the orbit set (ind C)/G and the set of G-indecomposables, sending a G-orbit to its direct sum. Consequently, we obtain a bijection between (ind C)/G and (ind C G )/ G. (2) For a basic G-stable object M , we observe that End C G (ι(M )) is Morita equivalent to End C G (Ind(M )). We claim that End C G (Ind(M )) is isomorphic to End C (M ) * G, where the crossed product is with respect to the weak G-action on End C (M ) described in Subsection 2.3; compare [13, Proposition 3.1.1]. In particular, we have chosen isomorphisms
The claim follows immediately from the following isomorphisms
where the left isomorphism is by the adjunction (4.3) and the right one sends
is the inclusion, and a belongs to End C (M ).
The groups of equivariant triangle autoequivalences
In this section, we sketch a triangle version of Theorem 5.3. We first recall the notion of a triangle action by a group on a (pre-)triangulated category.
6.1. The triangle action. Let T be a pre-triangulated category with the translation functor Σ. Here, by a pre-triangulated category we mean a triangulated category, which possibly does not satisfy the octahedral axiom.
A triangle functor between two pre-triangulated categories is a pair (F, ω), where F : T → T ′ is an additive functor and ω :
We call ω the connecting isomorphism for F . The composition and natural isomorphisms of triangle functors respect the connecting isomorphisms. For example, (Id T , Id Σ ) is a triangle functor, which is simply denoted by Id T . More generally, the connecting isomorphism in a triangle functor (F, ω) is trivial provided that F Σ = Σ ′ F and that ω = Id F Σ is the identity transformation. In this case, the triangle functor (F, Id F Σ ) is simply denoted by F .
Let T be a pre-triangulated category and G a finite group. A triangle G-action { (F g , ω g ), ε g,h | g, h ∈ G} on T consists of triangle autoequivalences (F g , ω g ) on T and natural isomorphisms
of triangle functors subject to the condition (2.1). Since the isomorphism ε g,h respects the connecting isomorphisms, we have the condition
We consider the category T G of G-equivariant objects in T ; it is an additive category. We observe by (6.1) that
In particular, we have a well-defined endofunctor
which is abbreviated as Σ G ; it is an autoequivalence; see Lemma 2.1. For an object
The autoequivalence Σ G acts on morphisms by Σ. The following basic result is essentially due to [3, Corollary 4.3] , which is made explicit in [9, Lemma 4.4] and [15, Theorem 6.9 ].
Lemma 6.1. Assume that the pre-triangulated category T has a triangle G-action as above. Suppose that T is idempotent complete and that |G| is invertible in T . Then T G is uniquely pre-triangulated with Σ G its translation functor in the following way: a triangle
(X, α) → (Y, β) → (Z, γ) → Σ G (X, α
) is exact if and only if the corresponding triangle of underlying objects is exact in T .
In the case of Lemma 6.1, both the forgetful functor U : T G → T and the induction functor Ind : T → T G are triangle functors, where the connecting isomorphism for U is trivial and the one for Ind is induced from ω g 's.
Indeed, in most cases the category T G is triangulated; see [15, Corollary 6.10] . In general, we do not know whether T G is triangulated under the assumption that T is triangulated.
Let k be a field. Let T be a k-linear pre-triangulated category, which is skeletally small. Recall that the triangle center Z △ (T ) = {λ ∈ Z(T ) | Σλ = λΣ} of T ; it is a k-subalgebra of the center Z(T ). We observe that the triangle center is bijective to the set consisting of natural transformations λ : (Id T , Id Σ ) → (Id T , Id Σ ) as triangle functors.
We denote by Aut △ (T ) the group of triangle autoequivalences on T , whose elements are the isoclasses [F, ω] of k-linear triangle autoequivalences (F, ω) of T and whose multiplication is given by the composition of triangle functors. The homomorphism
is in general neither injective nor surjective.
6.2. The triangle version of Theorem 5.3. Let k be a field and let T be a klinear pre-triangulated category, which is skeletally small. Let G be a finite abelian group, which splits over k. We fix a k-linear triangle G-action { (F g , ω g ), ε g,h | g, h ∈ G} on T .
We denote by Aut A G-equivariant triangle endofunctor ((F, ω), δ) on T consists of a triangle endofunctor (F, ω) and natural isomorphisms
between triangle functors subject to (2.4). We denote by Aut △ (T ; G) the group of equivariant triangle autoequivalences on T , whose elements are the isoclasses [(F, ω), δ] of equivariant triangle autoequivalences. Then we have the forgetful homomorphism associated to the given triangle G-action
The motivating example is as follows. Let A be a finite dimensional algebra. We denote by K b (proj-A) the bounded homotopy category of projective A-modules. We view a module X as a stalk complex concentrated on degree zero, still denoted by M . Then the regular module A is a tilting object in K b (proj-A). Following [19, Subsection 8.7] , the pre-triangulated category T is algebraical provided that there is a k-linear Frobenius category E with a k-linear triangle equivalence T → E. Here, E is the stable category modulo projective objects; it is a k-linear triangulated category.
The following basic fact is well known, which is essentially contained in [19 
which restricts to the equivalence Hom T (T, −) : add T → proj-End T (T ).
We denote by Tilt(T ) the isoclass set of basic tilting objects in T . This set carries an action by Aut △ (T ) as follows: [F, ω] .T = F (T ) for any k-linear triangle autoequivalence (F, ω). We are interested in the orbit set Tilt(T )/Aut △ (T ), for which we have another interpretation.
We denote by Alg(T ) the isoclass set of finite dimensional basic k-algebras A, which are isomorphic to End T (T ) for some basic tilting object T . The following map is surjective by definition
The following observation shows that this map is bijective, provided that T is algebraical. Proof. The "only if" part is clear, since F induces the isomorphism. Conversely, an isomorphism between these algebras yields an isomorphism
) of triangulated categories, which sends End T (T ) to End T (T ′ ). Combining it with the equivalences in Proposition 7.2 applied to T and T ′ , we obtain the required triangle autoequivalence on T .
7.2. The stable tilting objects. Let G be a finite group, whose order |G| is invertible in k. We fix a k-linear triangle G-action { (F g , ω g ), ε g,h | g, h ∈ G} on T .
We denote by Tilt G (T ) ⊆ Tilt(T ) the subset consisting of basic G-stable tilting objects. There is an Aut △ (T ; G)-action on Tilt G (T ) as follows: [(F, ω), δ].T = F (T ). By the isomorphisms δ g 's, the tilting object F (T ) is indeed G-stable. We are interested in the orbit set Tilt G (T )/Aut △ (T ; G). We mention that stable tilting objects are studied in [13, 1, 18, 25] in different setups. This surjectivity holds provided that G is cyclic, and that Z △ (T ) = k is nice enough; see Section 9 for details.
We denote by Alg(T ; G) the set of equivalence classes of G-crossed systems (A, ρ, c) with A ∈ Alg(T ); see Definition 2.8.
In what follows, we will construct a G-equivariant version of the map (7.1). For a basic G-stable tilting object T , we choose for each g ∈ G an isomorphism α g : T → F g (T ). Set A = End T (T ). In Subsection 2.3, we already obtain a Gcrossed system (A, ρ, c) from these isomorphisms. By Lemma 2.10, the following map is well defined
The condition in the following definition is subtle.
Definition 7.5. Let T be an algebraical triangulated category as above. We say that T is tilt-standard provided that it has a tilting object T such that the additive category add T is strongly K-standard in the sense of Definition B.1.
In this situation, by Proposition B.4, the additive category add T ′ is strongly K-standard for any tilting object T ′ . 
Proposition 7.7. Assume that T is tilt-standard. Then the map (7.2) is injective.
Remark 7.8. We mention that the map (7.2) is not surjective in general. Indeed, we consider the Grothendieck group K 0 (T ) of the triangulated category T , and the induced G-action on it. On the algebra side, we have the G-action on the K 0 -group K 0 (A). More precisely, for g ∈ G and P ∈ proj-A with its class [P ] ∈ K 0 (A), the action is given by g.
, we might identify K 0 (A) with K 0 (T ) via the equivalence in Proposition 7.2. We observe that if (A, ρ, c) lies in the image of (7.2), then the two G-actions on K 0 (T ) and K 0 (A) are necessarily compatible.
In the cyclic group case, Proposition 7.7 provides a practical way for classifying the stable tilting objects. For d ≥ 2 and an algebra A, we denote by Out(A) d the subset of Out(A) consisting of d-compatible elements; see Subsection 3.2. Since those elements are closed under conjugation, we denote by Out(A) d the set of conjugation classes inside.
In view of Proposition 3.8, we have the following immediate consequence of Proposition 7.7. 
Here, the K 0 -compatiblity of (A, σ) means that the action of σ on K 0 (A) is isomorphic to the g-action on K 0 (T ); see Remark 7.8.
Let T be a G-stable tilting object as above with A = End T (T ). We have obtained the G-crossed system (A, ρ, c). For any autoquivalence H on proj-A, it naturally induces a triangle autoequivalence on K b (proj-A), which has a trivial connecting isomorphism. The induced triangle equivalence is still denoted by H. Consequently, from the crossed system, we obtain a triangle G-action { 
is a G-equivariant triangle equivalence.
Proof. We might use the equivalence (Ψ, u) to transport the triangle action from T to K b (proj-A); compare Lemma 2.3. More precisely, for each g ∈ G, there is a tri- v g )(Ψ, u). However, we observe that the restriction H g on proj-A is isomorphic to the twisting automorphism for each n = 0, where we use T ≃ F h (T ) and the condition (T1) for T . It remains to show that thick Ind(T ) = T G . For this end, we consider the full subcategory N = {X ∈ T | Ind(X) ∈ thick Ind(T ) }. Since Ind is a triangle functor, it follows that N is a thick triangulated subcategory, which certainly contains T . We conclude that N = T . Take an arbitrary object (Y, α) in T G . By Lemma 4.3, (Y, α) is a direct summand of Ind(Y ), while the latter lies in thick Ind(T ) by the previous conclusion. Hence (Y, α) lies in thick Ind(T ) . Then we are done with (T2) for ι(T ).
By Proposition 5.7, the map ι is injective. For the surjectivity, let (Y, α) be a basic G-stable tilting object in T G . As in the proof of Proposition 5.7, there is a basic G-stable object Y 0 such that ι(Y 0 ) = (Y, α). Then by reversing the argument above, we infer that Y 0 satisfies (T1). For (T2), we just consider the full subcategory M = {(X, α) ∈ T G | X ∈ thick Y 0 }, which is a thick triangulated subcategory containing (Y, α). We conclude that M = T G . Then for an arbitrary object Z in T , Ind(Z) lies in M. It follows that U Ind(Z) lies in thick Y 0 , which forces that so does Z. This proves (T2) for Y 0 , that is, Y 0 is a tilting object in T . This completes the proof of the bijectivity of ι.
For the second bijection, it suffices to claim that ι is compatible with the equivariantization isomorphism in Theorem 6.2. This is analogous to the last paragraph in the proof of Proposition 5.7. We omit the details.
Weighted projective lines of tubular types
In this section, we apply the bijections on stable tilting objects to weighted projective lines of tubular types. The obtained bijection relates the stable tilting complexes on weighted projective lines of different tubular types.
We assume that k is algebraically closed, whose characteristic is different from 2 or 3.
8.1. The graded automorphisms. We will fix the notation for this section. Let H be an abelian group, which is written additively. Let R = ⊕ h∈H R h be a finitely generated H-graded commutative algebra. We denote by gr-R the abelian category of finitely generated H-graded right R-modules. Such modules are denoted by M = ⊕ h∈H M h . We denote by qgr-R = gr-R/gr 0 -R the quotient abelian category, where gr 0 -R denotes the Serre subcategory formed by finite dimensional modules.
For an element w ∈ H, we denote by (w) : gr-R → gr-R the degree-shift automorphism. For a graded module M , we obtain a shifted module M (w) = M , which is graded by M (w) h = M h+w . The degree-shift automorphism acts on morphisms by the identity. Moreover, (w) descends to an automorphism on qgr-R, which will be still denoted by (w).
By a graded automorphism on R, we mean a pair (g, ψ), where ψ : H → H is a group automorphism and g : R → R is an algebra automorphism such that g(R h ) = R ψ(h) for each h ∈ H. It induces the twisting automorphism g (−) on both gr-R and qgr-R, where we suppress ψ in the notation. More precisely, for a graded module M , the twisted module
It is well known that weighted projective lines [17] of tubular types are of weight types (2, 2, 2, 2), (3, 3, 3) , (4, 4, 2) and (6, 3, 2) ; compare [29] . For the type (2, 2, 2, 2), there is a parameter λ ∈ k, which is not 0 or 1. Following [17] , we list their homogeneous coordinate algebras explicitly as follows.
Moreover, we will use letters in the lower case to represent their images in the quotient algebras. For example, y i will represent the image of Y i in S (3, 3, 3) .
The algebra S(2, 2, 2, 2; λ) is graded by the abelian group L(2, 2, 2, 2), which is generated by x 1 , x 2 , x 3 and x 4 subject to the relations 2 x 1 = 2 x 2 = 2 x 3 = 2 x 4 . More precisely, we have deg x i = x i . The category coh-X(2, 2, 2, 2; λ) of coherent sheaves on the corresponding weighted projective line X(2, 2, 2, 2; λ) is identified with qgr-S(2, 2, 2, 2; λ).
Similarly, the algebra S(3, 3, 3) is graded by the ablian group L(3, 3, 3), which is generated by y 1 , y 2 and y 3 with the relations 3 y 1 = 3 y 2 = 3 y 3 ; here, this common value is denoted by c. The grading is given by deg y i = y i . The category coh-X(3, 3, 3) of coherent sheaves on the corresponding weighted projective line X(3, 3, 3) is identified with qgr-S (3, 3, 3) . The Auslander-Reiten translation τ on coh-X(3, 3, 3) is given by the degree-shift ( ω), where ω = c − y 1 − y 2 − y 3 is the dualizing element. Similar remarks hold for X(4, 4, 2) and X(6, 3, 2). For example, the Auslander-Reiten translation τ of coh-X(4, 4, 2) is given by ( ω), where
In what follows, we fix two elements √ −1 and ǫ in k, where ǫ 2 − ǫ + 1 = 0 is satisfied. In Table 1 , we consider the following graded automorphisms, where the automorphisms ψ i on the grading groups are naturally induced by g i 's. Table 1 . The graded automorphisms on the coordinate algebras (g 1 , ψ 1 ) on S(2, 2, 2, 2; −1)
We denote by C 2 and C 3 the cyclic groups of order two and three, respectively. We observe that the degree-shift automorphism g 2 1 (−) is isomorphic to the identity functor. Moreover, there is an isomorphism c :
is a compatible pair of order two. In more details, for a graded module M , the isomorphism c M :
. Here, the homomorphism γ : L(2, 2, 2, 2) → {±1} is defined by γ( x 1 ) = −1 and γ( x 2 ) = γ( x 3 ) = γ( x 4 ) = 1. By the compatible pair ( g1 (−), c) of order two, we obtain a linear C 2 -action on coh-X(2, 2, 2, 2; −1), which is uniquely determined by (g 1 , ψ 1 ); see Corollary 3.5. Here, we observe that Z(coh-X(2, 2, 2, 2; −1)) = k. So the action is independent of the choice of c.
In a similar way, we obtain a linear C 3 -action on coh-X(2, 2, 2, 2; ǫ) determined by (g 2 , ψ 2 ), and a linear C 2 -action on coh-X (3, 3, 3) by (g 3 , ψ 3 ). These actions extend naturally to their bounded derived categories.
Relating different tubular types.
In this subsection, we use the equivariantization to relate weighted projective lines of different tubular types. We apply Theorems 6.2 and 7.11 to relate certain stable tilting complexes on them.
We explain the relation between X(4, 4, 2) and X(2, 2, 2, 2; −1) in some detail. The dualizing element ω in L(4, 4, 2) has order 4. We consider the cyclic group Z(2 ω) of order two, which has a strict action on coh-X(4, 4, 2) by the degree-shift. We will consider the category (coh-X(4, 4, 2)) Z(2 ω) of Z(2 ω)-equivariant sheaves. We identify C 2 with the character group Z(2 ω). Thus we obtain the dual C 2 -action on (coh-X(4, 4, 2)) Z(2 ω) ; see Subsection 4.3. Recall the C 2 -action on coh-X(2, 2, 2, 2; −1) determined by the graded automorphism (g 1 , ψ 1 ). (1) There is an equivalence of categories coh-X(2, 2, 2, 2; −1)
which is equivariant with respect to the above two C 2 -actions. Here, a tilting complex T on X(4, 4, 2) is τ 2 -stable provided that τ 2 (T ) ≃ T ; see [18] . This is equivalent to being Z(2 ω)-stable, since τ is given by ( ω). Similarly, a tilting complex T ′ on X(2, 2, 2, 2; −1) is g 1 -stable if T ′ ≃ g1 T ′ , that is, it is C 2 -stable with respect to the C 2 -action determined by (g 1 , ψ 1 ).
Proof. In this proof, we set X = X(2, 2, 2, 2; −1) and Y = X(4, 4, 2). We denote by O X and O Y their structure sheaves.
The equivalence in (1) is obtained explicitly in [6] , which will be denoted by G. We observe that G(O X ) = Ind(O Y ), where Ind : coh-X(4, 4, 2) → (coh-X(4, 4, 2))
is the induction functor. In particular, the dual C 2 -action fixes Ind(O Y ); see Subsection 4.3.
Transporting the dual C 2 -action on (coh-X(4, 4, 2)) Z(2 ω) via a quasi-inverse of G, we obtain the C 2 -action on coh-X(2, 2, 2, 2; −1). It follows that the transported action fixes O X , that is, given by an automorphism of X; see [21, Proposition 3.1] .
By investigating the action on simple sheaves, it is not hard to see that the transported action coincides with the one determined by (g 1 , ψ 1 ), proving (1). More precisely, by the same argument, we infer that the transported action fixes the simple sheaves concentrated on the ideals (x 1 ) and (x 2 ), respectively. Moreover, it swaps the simple sheaves on (x 3 ) and (x 4 ); compare [21, Proposition 3.1] .
The statement (2) follows from (1) and Theorem 4.6. We mention that the equivalences in (1) and (2) extend naturally to their bounded derived categories and the corresponding equivariantizations; see [9, Proposition 4.5] . Moreover, as the Auslander-Reiten translation, the degree-shift automorphism ( ω) lies in the center of Aut △ (D b (coh-Y)). It follows that Aut
. In view of Remark 7.4, (3) follows immediately from Theorem 7.11.
There is a similar relation between X(2, 2, 2, 2; ǫ) and X(6, 3, 2). The dualizing element ω = c− u 1 − u 2 − u 3 in L(6, 3, 2) has order 6. The cyclic subgroup Z(2 ω) has order 3, which strictly acts on coh-X(6, 3, 2) by the degree-shift. We consider the category (coh-X(6, 3, 2)) Z(2 ω) of Z(2 ω)-equivariant sheaves. Identifying C 3 as the character group Z(2 ω), we have the dual C 3 -action on (coh-X(6, 3, 2)) Z(2 ω) . On the other hand, we have the C 3 -action on coh-X(2, 2, 2, 2; ǫ) determined by the graded automorphism (g 2 , ψ 2 ).
The following result is analogous to Proposition 8.1. We omit the details. 
In L(6, 3, 2), the cyclic group Z(3 ω) has order two. Identifying C 2 as the character group Z(3 ω), we obtain the dual C 2 -action on (coh-X(6, 3, 2)) Z(3 ω) . On the other hand, we have the C 2 -action on coh-X(3, 3, 3) determined by the graded automorphism (g 3 , ψ 3 ). (1) There is an equivalence of categories
which is equivariant with respect to the above two C 2 -actions. (2) There is an equivalence of categories Figure 1 ]), these relation might provide a different approach to the classification of τ 2 -stable tilting complexes. In view of Corollary 7.9, the latter classification boils down to certain elements in the outer automorphism groups of algebras. Proposition 8.3 indicates that the classification of τ 3 -stable tilting complexes on X(6, 3, 2) might be of interest.
The forgetful and obstruction homomorphisms
In this section, we investigate when the forgetful homomorphism (5.1) is surjective. It turns out that the obstruction homomorphism from the autoequivalence group to the second cohomology group plays a role.
Throughout, we work over a fixed field k. Let C be a linear category such that its center Z(C) = k. Let G be a group with a fixed linear G-action {F g , ε g,h | g, h ∈ G} on C.
In general, this does not give rise to a G-equivariant functor. We choose a natural isomorphism
For any g, h ∈ G, we claim that there is a unique nonzero scalar
Indeed, we apply Lemma 5.5 to the automorphism
The following result implies that σ F defines a 2-cocycle of G with values in k * .
Lemma 9.1. Keep the notation and assumptions as above. Then we have
. Applying (9.1) twice to the left hand side, we obtain
Similarly, we have that the right hand side equals
Applying (2.1) again, we infer the required identity.
The 2-cocycle σ F depends on the choice of the isomorphisms δ g 's. Take another set of isomorphisms δ
By comparing (9.1) for σ F (g, h) and for σ
It follows that the cohomological class [σ F ] ∈ H 2 (G, k * ) is independent of the choice of the isomorphisms δ g 's. Moreover, the class [σ F ] is trivial if and only if F lifts to a G-equivariant endofunctor.
Lemma 9.2. Keep the notation and assumptions as above. Then the following two statements hold.
(1) Assume that γ :
Proof. (1) Take natural isomorphisms δ g : F F g → F g F and set
It follows that
we take natural isomorphisms δ
The above lemma implies that the following group homomorphism is well defined
We will call σ the obstruction homomorphism of the given G-action.
We observe a group homomorphism
The following result implies that the forgetful homomorphism (5.1) is surjective if and only if σ is trivial. Proposition 9.4. Let G be a finite abelian group, which splits over k. Assume that C is idempotent complete satisfying that Z(C) = k = Z(C G ). We assume further that the forgetful homomorphisms φ and φ are both surjective. Then there is a unique isomorphism Aut
groups, which fills into the following commutative diagram
which is compatible with the equivariantization isomorphism in Theorem 6.2.
Appendix A. Identities for group actions
We collect some identities for an arbitrary group action, and provide complete proofs.
Let G be a group, which is written multiplicatively and whose unit is denoted by e. Let C be a category. We denote by Id C : C → C the identity endofunctor.
For two functors F : C → C ′ and F ′ : C ′ → C ′′ , their composition is denoted by F ′ F : C → C ′′ . Let F Recall that a G-action {F g , ε g,h | g, h ∈ G} on C consists of an auto-equivalence F g : C → C for each g ∈ G, and a natural isomorphism ε g,h : F g F h → F gh for each pair g, h of elements in G, which are subject to the following conditions ε gh,k • ε g,h F k = ε g,hk • F g ε h,k (A.1) for all g, h, k in G.
We deduce from Lemma A.2 that there is a unique isomorphism u : F e → Id C such that F e u = ε e,e . We call u the unit of this G-action.
Lemma A.3. For a given G-action {F g , ε g,h | g, h ∈ G} on C, the following statements hold.
(1) For each pair g, k in G, we have ε g,e F k = F g ε e,k .
(2) For each k ∈ G, we have ε e,k = uF k . In particular, we have ε e,e = uF e . (3) For each g ∈ G, we have ε g,e = F g u.
Proof. We take h = e in (A.1) and notice that ε g,k is an isomorphism. Then we infer (1). Taking g = e in (1), we have F e uF k = ε e,e F k = F e ε e,k . Applying Lemma A.2, we infer (2). Taking k = e in (1) and applying (2), we have ε g,e F e = F g ε e,e = F g uF e .
We now deduce (3) from Lemma A.2.
We will describe an extension of (A.1). For n ≥ 3 and g 1 , g 2 , · · · , g n ∈ G, we define inductively a natural isomorphism ε g1,g2,··· ,gn : F g1 F g2 · · · F gn −→ F g1g2···gn (A.2) by ε g1,g2,··· ,gn = ε g1···gn−1,gn • ε g1,g2,··· ,gn−1 F gn . In particular, we have the following isomorphism Recall from [14, Section 4 ] that a G-action on C is the same as a monoidal functor from G to the category of endofunctors on C. Here, G is the catgeory whose objects are elements in G, which has a canonical monoidal structure from the multiplication of G. Then the following proposition might be deduced from the coherence theorem Proof. We use induction on n. The case that n = 3 is due to (A.1). Assume that n ≥ 4. We divide into three cases.
For the first case, we assume that m + i < n, that is, F gn does appear in the right hand side. Then we are done by the following identity: Here, the second equality uses the induction hypothesis. 
The following is an immediate consequence. Here, the action is said to fix A, provided that each autoequivalence F involved satisfying F (A) = A, that is, F (A) and A coincide up to the isomorphism closure in K b (A). For a finite dimensional algebra A, we denote by proj-A the category of finitely generated projective right A-modules. Examples of strongly K-standard categories are proj-A, provided that A is triangular, that is, its Gabriel quiver has no oriented cycles; see [11, Proposition 4.6] . Proof. The same argument as in [11, Lemma 5.12] works in this situation. We mention that there is an analogue of [11, Proposition 5.8 and Theorem 5.10] for the bounded homotopy category of projective modules.
We do not know whether Proposition B.4 still holds if we replace the categories of projective modules by arbitrary additive categories. On the other hand, we conjecture that proj-A is K-standard for any finite dimensional algebra A. Indeed, by applying [11, Sections 5 and 6] , this conjecture implies that any derived equivalence between finite dimensional algebras is standard. The latter is a well-known open question in [28, Section 3] .
